In this chapter, we discuss an approach to obtaining black hole quasi-normal modes known as the asymptotic iteration method, which was initially developed in mathematics as a new way to solve for eigenvalues in differential equations. Furthermore, we demonstrate that the asymptotic iteration method allows one to also solve for the radial quasi-normal modes on a variety of black hole spacetimes for a variety of perturbing fields. A specific example for Dirac fields in a general dimensional Schwarzschild black hole spacetime is given, as well as for spin-3/2 field quasi-normal modes.
Introduction
Quasi-normal modes (QNMs) are one of the most important theoretical results in modern cosmology, especially for studying the perturbations from various fields on black hole spacetimes. In this theory, the behaviour of a particle around a black hole is dominated by the radial equation, and the evolution of QNMs behaves like damped harmonic oscillators with specific frequencies. The frequencies are constructed by complex modes, where the real part is the actual frequency and the imaginary part represents the damping rate due to the gravitational emission. In lay terms, the QNMs are the characteristic sounds of the black hole.
With the recent ground breaking progress into the detection of gravitational wave data, where it is believed that the last part of the gravitational wave emission, called the ring down phase, is dominated by the QNMs, it is exciting that perturbation theory in curved spacetimes can now be possibly tested in a real experimental system, and that a large number of scientists from all over the world are involved in the data analysis. Related issues of the QNMs within the range of research into cosmology include studying the stability of black holes and probing the dimensionality of spacetime. It is, however, the observable gravitational wave data from the collisions of binary black hole systems, which indicates how the background spacetime will finally become a Kerr black hole spacetime through gravitational wave emission. Perturbation theory on a Kerr black hole spacetime still includes some difficulties in the higher dimensional cases, which will be a challenge for the theoretical community for some time to come.
Methods that are used to obtain QNMs can be both semi-analytic and numerical methods and were introduced by Cho et al. [1] , the most famous of these is the WKB approximation methods [2] . Note that, the WKB approximation has been extended to sixth order [3] and is powerful in many cases, but like all methods have several limitations. A new method has been developed in recent years called the asymptotic iteration method (AIM), which is more efficient in some cases. This method was used to solve eigenvalue problems for the second-order homogeneous linear differential equations [4, 5] and also successfully used in calculating QNMs [6] . Reviewing this AIM and providing the tools "in detail" for studying QNMs in the higher dimensional spacetimes are the key focus of this chapter.
As such, this chapter is organised as follows: In the next section, we shall review the recent progress on perturbation theory in curved spacetimes. More precisely, we shall present a comparison of the spin-3/2 field in general dimensional Schwarzschild spacetimes with other spin fields, including the spherical harmonics and the radial equations. In Section 3, we shall review the AIM and present an exercise detailing how the QNMs of Dirac fields are obtained in general dimensional Schwarzschild spacetimes. Furthermore, we can also compare to spin-3/2 QNMs results. We shall conclude with a brief summary.
Perturbation theory in a general dimensional Schwarzschild spacetime

Eigenvalue problem on spheres
For perturbation theory in curved spacetimes, separability can always simplify the equations of motion and plays an important role. For the maximally symmetric spacetime cases, the eigenmodes on spheres allow us to separate the angular part for various spin fields and simplify the equations of motion from the general form into a "radial-time" presentation. For the case of bosonic fields, an earlier study by Rubin and Ordóñez presented a systematic study [7, 8] as well as in a later work by Higuchi [9] . For the case of fermionic fields, Camporesi and Higuchi presented the eigenmodes for spinor fields on arbitrary dimensional spheres [10] , and in a recent work by the authors [11] , the spinor-vector eigenmodes on arbitrary dimensional spheres were derived using a similar approach to Camporesi and Higuchi's methods. In this section, we review the structure of these eigenmodes, especially for the case of spinor-vector fields, which shall be presented with the characteristics of both spinor and vector fields.
The metric of the N-sphere is given by
where, in this metric, we restrict the sphere to radius r = 1. When we consider the eigenvalue problem in this spacetime, the bosonic field and fermionic field shall be studied with different operators. In the case of bosonic fields, the operator for the eigenvalue equation will be the Laplacian operator ∇ μ ∇ μ , whereas, in the case of fermionic fields, it will be the Dirac operator γ μ ∇ μ , where γ μ is the Dirac gamma matrices. In Table 1 , we present the structure of the eigenmodes with various spin fields on the sphere and also the conditions on the specific mode, such as the transverse, traceless and symmetric conditions.
Looking first at the longitudinal and non-transverse modes for bosonic fields, the longitudinal and non-transverse eigenfunctions for higher spins are the linear combination of the eigenfunctions for the lower spin one. For example, for the vector fields, the longitudinal eigenvector is the covariant derivative of a scalar eigenfunction. Furthermore, for the symmetric tensor fields, there are three types of non-transverse eigenfunctions. The first one is the metric element multiplied by a scalar eigenfunction, the second one is the longitudinal-longitudinal eigenfunction, which is the linear combination for longitudinal eigenvectors, and the last one is
Transverse eigenvector 
Longitudinal-transverse (traceless) modes
Transverse-traceless modes the longitudinal-transverse eigenfunction, which is the linear combination of transverse eigenvectors. Analogous to the non-transverse-traceless modes for fermionic fields, the nontransverse-traceless eigenspinor-vector is the linear combination of the eigenspinor. We note that there are two non-transverse-traceless eigenspinor-vectors, due to the a (+) and a (À) being different factors where
This indicates a special signature for spinor-vector harmonics that do not have the transversetraceless eigenmodes for S 2 .
Next, we look at the transverse-traceless modes. For the bosonic fields, an unique way to construct this type of eigenfunction was suggested by Higuchi [9] . Analogous to the fermionic case, for the transverse-traceless eigenspinor-vector, ψ μ ¼ðψ θ N , ψ θ i Þ, ψ θ N behaves like a spinor on N -1 spheres, and ψ θ i behaves like a spinor-vector on N -1 spheres. If we let ψ θ i be the linear combination of the non-transverse-traceless eigenspinor-vector on N -1 spheres, ψ θ N has to be non-zero to satisfy the transverse and traceless conditions. If we let ψ θ i be the linear combination of the transverse-traceless eigenspinor-vector on N -1-spheres, ψ θ N has to be zero, because the ψ θ i already satisfies the transverse and traceless condition.
On the other hand, we can take a look at the eigenvalue. For the bosonic fields, all of the eigenvalues contain a similar first term, which is the eigenvalue of the scalar fields; however, the starting value of the angular momentum quantum number l has to be considered case by case, as well as the second term for higher spin cases. For the fermionic cases, the eigenvalue of the non-transverse-traceless eigenspinor-vector has a very different value from the spinor eigenvalue, though the eigenvalue of the transverse and traceless eigenspinor-vector is exactly the same as the eigenspinor for the spin-1/2 field.
As a remark on this section, the eigenfunctions and eigenvalues on N-spheres are independent for bosonic and fermionic fields, even though they have a very similar style of structure, which indicates that the spherical harmonics for a bosonic field cannot be constructed by the spherical harmonics of a fermionic field, and vice versa. In this section, we presented a review of the eigenvalue problem for scalar, spinor, vector, spinor-vector, and symmetric tensor fields on spheres, where further details can be found in the papers referred to in this section.
Effective potentials
In perturbation theory with various fields in the Schwarzschild black hole spacetime, a radial equation (Schrödinger-like equation) will be derived from the equations of motion, which shall be the master equation of this study. In a general way, the studies of perturbation theory in maximally symmetric spacetimes are well established and include the (A)dS and ReissnerNordström spacetimes, but not for the spin-3/2 fields yet. With our recent progress in the study of spin-3/2 fields, we may now do a comparison of various massless fields in a general dimensional Schwarzschild black hole spacetime in this section.
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The metric of a general dimensional Schwarzschild spacetime is given by
where f ðrÞ¼1 À 2M=r DÀ3 , D is the dimensional factor and M is the mass of the black hole. The master equation can be obtained from the equations of motion by a change of coordinates to give the Schrödinger-like equation
where the subscript s represents the "spin" and r* represents the "tortoise" coordinate, which can be defined as follows
The mathematical meaning of this coordinate is that a mapping of the location of the event horizon of the Schwarzschild black hole from r 0 (where f (r 0 ) = 0) is taken to minus infinity.
We shall first look at the four-dimensional cases, where, for the bosonic fields, the radial equation can be represented with the potential [12] 
where l is an integer, s = 0 represents the effective potential for scalar fields, s = 1 for the electromagnetic fields, and s = 2 represents the "vector-type" perturbation for gravitational fields (which is the Regge-Wheeler equation). The "scalar-type" perturbation for the gravitational field in the four-dimensional case is the Zerilli equation, with an effective potential
where λ ¼ðl À 1Þðl þ 2Þ=2.
For the fermionic fields in the four-dimensional Schwarzschild case, the effective potential can be shown as follows [13, 14] :
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Note that the "AE" represents two isospectral potentials, which were known as the supersymmetric partner potentials.
For the higher dimensional cases, there are more types of effective potentials, which can be presented in the four-dimensional case, which indicates that some special cases will not exist in the four-dimensional cases but will exist in the higher dimensional one. In the following sections, we shall discuss the higher dimensional effective potentials as presented in Table 2 .
Starting with bosonic fields, we have one effective potential for scalar fields in the higher dimensional Schwarzschild spacetime, and it is necessary to satisfy Eq. (5) 
where
Electromagnetic [15] Scalar-type perturbation
Vector-type perturbation
Rarita-Schwinger [11] Related to the non-TT eigenmodes
Related to the TT eigenmodes
r Þ,j ¼ 1=2; 3=2; 5=2; ….
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"scalar-type perturbation potential" and the "vector-type perturbation potential". It is accidental that both of these effective potentials satisfy Eq. (5) when D = 4 and s = 1, but it has been shown they have different behaviours in the higher dimensional cases. It is believed that these two types of effective potentials are strongly linked to two types of eigenvectors on spheres, which are longitudinal and transverse ones. For the case of gravitational fields, the "scalartype perturbation potential" becomes the potential for the Zerilli equation, and the "vector type perturbation potential" becomes the potential for the Regge-Wheeler equation when D =4 and s = 2. The "tensor-type perturbation potential" will be present when D ≥ 5 but absent in the four-dimensional case.
For the fermionic fields, the "AE" still represents two isospectral supersymmetric partner potentials in the higher dimensional cases. We have one set of effective potentials for the Dirac field, which is strongly related to the eigenspinor on the sphere and reduces to Eq. (8) when D =4. For the case of the Rarita-Schwinger field, the potentials related to the non-transverse-traceless eigenmodes are the leading equation both for the four-dimensional case and the higher dimensional one, which are strongly linked to the "non-transverse-traceless" eigenspinor-vector on spheres. Another effective potential for the Rarita-Schwinger fields is the one related to the transverse and traceless eigenmodes; however, this type of eigenspinor-vector was absent on the 2-sphere, which indicates that the potentials related to the transverse and traceless eigenmodes exist for the cases when D ≥ 5. We must note that, in this case, the effective potentials are exactly the same as the Dirac case.
Lastly, note that, most of the effective potentials in Table 2 are simple barrier like potentials. Nevertheless, some cases in the higher dimensions, or for the lowest energy state with j = 1/2, for the potentials related to the non-transverse-traceless eigenmodes exhibit special behaviours but not a simple barrier potential, which strongly suggests a link with the instabilities of the black hole [18] and warrants further study.
Fields
V s
Gravitational [16, 17] Scalar-type perturbation
Vector and tensor type perturbation
hi .
μ V ¼ 3;l V ¼ 2; 3; 4… for vector-type perturbation.
μ T ¼À1;l T ¼ 1; 2; 3; … for tensor-type perturbation. To summarise, we have in this section provided a brief review of the effective potentials, which play an important role in the perturbation theory of various spin fields in the general dimensional Schwarzschild black hole spacetimes.
QNM frequencies by AIM
AIM methods
The AIM is a well-established approach in solving the eigenvalue problem for the secondorder differential equations, for example, Schrödinger-like equations. As mentioned in the previous section, the radial equations of the perturbation theory with various spin fields in general dimensional Schwarzschild spacetimes were presented as Schrödinger-like equations. The QNMs, which are the signature modes in the black hole perturbation theory, can be obtained naturally by using the AIM. In this subsection, we shall present a brief review of the AIMs, and in the next subsection, we shall present an example calculation, showing the methods used to obtain the quasi normal frequencies. We shall start with the second-order differential equation for the function χðxÞ
where χ 0 ¼ dχ=dx. The symmetric structure of the right-hand side of Eq. (10) leads to the method, where we differentiate on both sides of the equation we find that
Taking the second derivative of Eq. (10) we have
Differentiating iteratively to the ðn þ 1Þ th and the ðn þ 2Þ th order, we have
In the AIM, we suppose that for sufficiently large n, which represents the iterating number, the coefficients λ n and s n will have the relation 
where the general solution of Eq. (10) is
C 1 and C 2 are constants determined by the normalisation, and the QNMs (or the energy eigenstates) can be obtained by the termination condition
This is the basic idea for the AIM, where to appreciate the effectiveness of this methods, we refer the reader to Ciftci et al. [4, 5] , which presented some studies for the constant coefficient, harmonic oscillator, and the energy eigenvalue problem for several well-known potentials. For the study of perturbation theory in curved spacetimes by the AIM, Cho et al. [1] present a review of the QNMs for the bosonic fields in the four-dimensional maximally symmetric and the Kerr black hole spacetimes. In the next subsection, as an example, we shall present how to obtain the QNMs for Dirac fields in the higher dimensional Schwarzschild black hole spacetimes by the AIM and compare these with other numerical semi-analytic results.
Example: How to obtain the QNMs for Dirac fields in general dimensional Schwarzschild black hole spacetimes by the AIM
The QNMs for Dirac particles in the higher dimensional Schwarzschild black hole spacetimes had been done in the earlier work by some of the authors [13] using the third-order WKB approximation but not the AIM. With recent progress in spin-3/2 fields [11] , we find that these results greatly overlap with some of the spin-3/2 particles, which are represented by the relations in the radial equations of the transverse and traceless eigenmodes. In this section, as an example, we are going to show how to reproduce the results by the AIM.
In Table 2 , the effective potential of the radial equation, Eq. (4), for the Dirac particle is as follows:
As we are going to reproduce the results in Ref. [13] , a similar choose of f(r) will be
where r H represents the location of the event horizon and M represents the mass of the black hole. By making a coordinate transformation
the radial equation becomes
Simplifying Eq. (22), we have
Next, by setting the boundary behaviour of Ψ s¼1=2 ¼ αðξÞχðξÞ and together with Eq. (23), we have
This is the second-order differential equation, which is the same as Eq. (10) with
Note that the last parameter we have to define is the asymptotic behaviour function α(ξ), and we approach this by starting with the asymptotic behaviour of Ψ s¼1=2 , which can be represented as an outgoing plane wave
with r* being the tortoise coordinate, which has the relation with r
Solving Eq. (28) in the four-dimensional case, we have
together with Eqs. (21) and (27), we have 
Collecting the leading terms, we can define α(ξ) in the four-dimensional case as follows:
If we now consider the higher dimensional cases, Eq. (29) will become more complicated with
where ε ¼ e ia2π DÀ3 . Eq. (27) in the higher dimensions can be presented in the general form
Next, we shall consider how to define the asymptotic behaviour function α(ξ) in the higher dimensional cases, where in our experience, finding the dominant terms in Eq. (33) The dominant term for the boundary behaviour can be chosen as follows:
For a similar discussion on the higher dimensional cases, we find that α(ξ) can be defined separately for the odd dimensional and even dimensional cases, where
Substituting Eqs. (19), (20), (21) and (38) into Eq. (26), we find λ 1 and s 1 by the relation in Eq. (15) . Next, by defining a suitable initial value of ω 0 , which represents the parameter ω in s 0 , with the termination condition Eq. (18), we can solve the parameter ω 1 , which represents the parameter ω in s 1 . This loop iterates, as with ω 1 we can solve for ω 2 in the next iteration and so on. For a sufficiently large number of iterations, the ω n-1 and ω n will become stable, and it will be the quasi normal frequency we are seeking.
The QNM results are obtained with the iteration number = 200 in Table 3 , for the D = 5,6 dimensional Schwarzschild spacetimes, and in Table 4 , for D = 7,8. The results using the thirdorder WKB methods are the same as presented in our previous work [13] , where for completeness we also list the sixth-order WKB results. Table 3 . Low-lying (n ≤ l,withl ¼ j À 1=2) spin-1/2 field QNM frequencies using the WKB methods and the AIM with D = 5,6. Table 4 . Low-lying (n ≤ l, with l ¼ j À 1=2) spin-1/2 field QNM frequencies using the WKB methods and the AIM with D = 7,8.
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A remark on the spin-3/2 field QNMs
In this section, we are going to present a discussion of our recent work [11] on the spin-3/2 fields in general dimensional Schwarzschild spacetimes. Note that, this section will not go into as great a detail as the previous one but shall just list some improvements made in light of recent considerations. Starting with the radial equation related to the "non-TT eigenmodes", the radial equation can still be represented as the Schrödinger like one, Eq. (4), where
and
Because the general form of the radial equation is the same as the Dirac case, Eqs. (22) In Table 5 , for some lower modes in the seven-dimensional spacetime, the new AIM results (with the current choice of boundary behaviour function, Eq. (38)) are better than the previous Table 5 . Selected QNM frequencies of low-lying (n ≤ l, with l ¼ j À 3=2) for spin-3/2 field related to the non-TT eigenmodes by using the WKB methods and the AIM.
results for the first few modes. This is why we believe Eq. (38) is a suitable choice of the boundary behaviour function for the AIM methods in the higher dimensional spacetimes.
Summary
In this chapter, we presented a brief review of recent progress on perturbation theory with various fields in curved spacetimes, especially for a systematic comparison to the fermionic and bosonic fields. Generally, the first step in this topic is the obtaining of the radial equations as discussed in Section 2. There are then various methods, but no unique approach for considering a specific field on a specific spacetime, where we strongly suggest the reader follow the references provided to develop a step-by-step approach. On the other hand, the process for obtaining the radial equations always relates to the separability of a spacetime, this being the main reason that we still have difficulties for perturbation theory in the higher dimensional Kerr spacetimes. As such we mentioned in the introduction section that for the gravitational wave experiments, the QNMs in the higher dimensional Kerr spacetimes are definitely an interesting next stage of study for this area, and it shall be interesting seeing further progress in this direction.
In Section 3, we presented the AIM, giving an in detail example to study the perturbation theory in the higher dimensional spacetimes and also presented a remark for our recent work on the spin-3/2 fields. Since there are several numerical methods for obtaining the QNMs, we believe that the AIM is a straightforward way to study the QNMs due to its simple mathematical structure. 
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